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ABSTRACT 

h- deformation of (graded) Hopf algebra of functions on supergroup 
GL(1|1) is introduced via a contration of GL q (l\l). The deformation pa- 
rameter h is odd (grassmann). Related differential calculus on /i-superplane 
is presented. 
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Recently a new class of quantum deformations of Lie groups and Lie algebras, 
known as an 'h-deformation', has been intensively studied [1-8, 17]. These deforma- 
tions are important for at least two reasons. One is that the deformation param- 
eter h is naturally dimensionful (like the known K-deformation) [14], which makes 
them interesting for possible physical applications. The other is that the standard 
q-deformation and the h-deformation have been characterized as the only two defor- 
mations of 2 x 2 matrices with the central determinant [5, 6]. 

In this letter we propose to extend the h-deformation to the case of supergroups 
and discuss the simplest supergroup GL(1\1). We start with a superplane and its 
dual and follow the contraction method of [8], see also [15, 16]. 
Consider the g-deformed algebra of functions on the Manin superplane [13] generated 
by x', 9' with the relations x'9' = q 6'x' and (9') 2 = 0. 

We introduce new coordinates x, 9 by 



(i) 



where 

Here, it is worth pointing out that, differently to the usual situation, the parameter 
h can not be an ordinary number. In fact, observing that h describes the mixing 
between the even coordinate x and the odd one 9, it has to be a dual odd (grassman) 
number. Thus we have h 2 = and hO = —9h. 

Next, taking the limit q — > 1 we obtain the following exchange relations, which define 
the h-superlane A h 

x e = 6x + hx 2 , 9 2 = -h9x . (3) 

Similarly, we get the dual (exterior) /i-superlane as generated by y, £ with the 
relations 

iy = -yi, e = o. (4) 
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We now define the corresponding h- deformation of the supergroup GL(1|1) as a 
matrix quantum supergroup GLh(l\l) generatead by a,/?, j,d modulo the relations 

a(3 = Pa, 07 = 7a + h(a 2 + 7/3 — da), 

(3d = dp, 'jd = d'j + h(d 2 — 'jP — da), 

p 2 = 0, 7 2 = h(dj-~/a), 

Pi — —iP-h(Pa-dp), ad = da + h(Pa — dp) . (5) 

These relations are obtained from the requirement that Ah and have to be covariant 
under the (usual matrix) left coaction 

S(x) = a ® x + P <g) 9, 5(6) = ^®x + d®6 (6) 

and assuming that P, 7 anticommute with 9, y and h. 

An interesting feature is that the first column of the matrix T e GLh(l\l) is not 
isomorphic to Ah, though this is so in the case of q-deformations. 

The relations (HD can be alternatively obtained by performing the similarity trans- 
formation introduced in [8] 

T' = gTg- 1 , (7) 

which in our case reads 

a' p'\ / a-(q-iy l ph p 

i d! ) \(g-l)- 1 /ia + 7- (g-l)- 1 ^ (q-l^hp + d 
and next the limit q — > 1. Here, a' ,P',^',d' are generators of GL q (l\l), which satisfy 
the following commutation relations: 



a'P' 


= qP'a! , 


d'P' = 


qP'd' 


a'i 


= n'o!, 


d!i = 


Ql'd' 


P' 2 


= 0, 7 


= 0, p'i = 


- ~iP' 



ad-da=-(q--)P'i . (9) 
Q 
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Substituting (|]) into @ we arrive at the set of relations (||) above. 

Hopf algebra structure is given by the usual co-product and co-unit 

A{T ij )=T ik ®T kj , i,j = 1,2, (10) 

e^) = 5 lj} (11) 

Introducing the formal inverses a -1 and d~ l , and using the Gauss decomposition as 

in [11, 12] we find the antipode 

(a' 1 + a- 1 f3d- 1 - f a- 1 -a^pd" 1 \ 

S{T) = (12) 
V -cT^a d- 1 + d- l 1 a- l f3d~ 1 j 

and the quantum super determinant (Berezinian) as 

D h = aid-^a^P)- 1 . (13) 

(Note, that these formulae are in fact independent of the relations @). It is easy to 
see that Dh can be rewritten equivalently as 

D h = (d-- f a- 1 py 1 a 

= ad- 1 - pd-^d- 1 (14) 
= d~ x a - d-^d' 1 ^ . 

Moreover, it can be verified that D has the 'multiplicative property' 

A{D h ) = D h ®D h . (15) 

and that Dh belongs to the centre of the algebra 

TD = DT . (16) 

Therefore by imposing the relation Dh = 1, we may define a deformation SLh(l\l)- 

The R- matrix for the supergroup GLh{l\l) can be obtained from the R- matrix 
of GL q (l\l) by the transformation 

R h = {g®g)- 1 R q {g®g) (17) 
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Here [11] 



and it is assumed that 



R„ 



(q \ 

10 

q-q- 1 1 

V0 q- 1 ) 
is graded (we adhere to the conventions of [12]) ie. 

\ ab 



= (i® g y c b d = (-iy^ g a d 5 a c . 



As a result, we obtain the following R- matrix 

(I 0\ 

-h 1 

/i 1 

V h h I) 
which satisfies the graded Yang-Baxter equation 



Rh 



R12R13R23 — R^RizR 



23-<M3 -n-12 ? 



where 



1^12)71- 



v^ 13 /jij2j3 



yi«2«3 

2 3)jij 2 js 



^3132° 33 



1 y2(l3+i3) D«l«3 X«2 

1 yi(«2+'3+i2+i3) p«2«3 
/ 3233 31 ' 



with zi,i 2 ,«3, ji, J2, J3 = 0,1. Also, i4 = Pi^, where P}^ 
super permutation matrix, satisfies the graded braid equation 



[-WW, 



R12R23R12 



R23R12R23 



with the grading again given by (0). Moreover, Rh satisfies 

(R h ) 2 = I 



and thus has two eigenvalues ±1. 

We note that the commutation relations © can be expressed by 

i2 ft TiT 2 = T 2 T x R h (24) 

where T\ and T 2 are graded in the same manner as g\ and #2 respectively. 
Also, let us denote by P + and P the projections onto the eigenspaces ±1 of Rh, and 
by A and A the quotients of algebras generated by x, 9 and £, y modulo the ideal 
generated by KerP_ and KerP + , respectively. Then A and A are isomorphic to Ah 
defined by (|3]) and A^ defined by (|j), respectively. 

We now pass to the differential calculus on the /i-superplane Ah- For this we 
insert the following solution 

B = F = C = R h (25) 
in the Wess-Zumino formulae (2.1,2.27,2.28,2.29 and 2.36) [10]. This yields: 



x9 


= 9x + hx 2 , 9 2 = -h9x, 


£y 


= -yt e = o, 


d x d 


= dgd x , d 2 e =o, 


x£ 


= £x, 9y = —y9 — h^9 — hyx, 


xy 


= yx + h^x, 9^ = ^9 — h^x, 


d x x 


= 1 + xd x + hxd$, d x 9 = 9d x — hxd x — h9d t 


d e x 


= xd e , d e 9 = 1 — 9d e — hxd e , 




= + b£dy, % = yd^ - - hyd y , 




= £d y , d y y = -yd y - h£d y . 



It can be checked that this calculus is unique, satisfies all the consistency condi- 
tions (see [10]) and is covariant under the coaction of GL h {l\l). 

A few remarks are in order. Note that Rh obeys only the graded braid equation 
and not the ungraded one although R q = VR q , with R q given by dl8|) , is quite 
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special as it satisfies both the ungraded and graded braid equations. Moreover, R q 
and PR q = diag(l, 1, 1, — l)R q , where P is the usual permutation, obey both the 
ungraded and graded Yang-Baxter equations. Surprisingly, due to the odd character 
of h this is also the case for R h . 

It is worth to mention that for the deformations of GL(1\1) introduced in [12] 
with two parameters p, q, if p ^ q then R given by (1) in [12] satisfies only the 
graded Yang-Baxter equation and diag(l, 1, 1, — 1)R satisfies only the (ungraded) 
Yang-Baxter equation although R = VR obeys both the ungraded and graded braid 
equations. 

We close with a comment that it will be interesting to investigate the dual 
deformation Uhgl(l\l) with odd parameter h, its representations and relation with 
U q gl(l\l). Also the question of an isomorphism, upto Drinfeld twist of the coproduct, 
with the Lie superalgebra Ugl(l\l) should be studied. The work on these issues is in 
progress. 

It is a pleasure to thank Prof. J. Lukierski for discussion on /i-deformations. 
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